Einstein-Podolsky-Rosen steering is a quantum phenomenon wherein one party influences, or steers, the state of a distant party's particle beyond what could be achieved with a separable state, by making measurements on one half of an entangled state. This type of quantum nonlocality stands out through its asymmetric setting, and even allows for cases where one party can steer the other, but where the reverse is not true. A series of experiments have demonstrated one-way steering in the past, but all were based on significant limiting assumptions. These consisted either of restrictions on the type of allowed measurements, or of assumptions about the quantum state at hand, by mapping to a specific family of states and analysing the ideal target state rather than the real experimental state. Here, we present the first experimental demonstration of one-way steering free of such assumptions. We achieve this using a new sufficient condition for non-steerability, and, although not required by our analysis, using a novel source of extremely high-quality photonic Werner states.
Introduction.-One of the most noteworthy and fundamental features of quantum mechanics is the fact that it admits stronger correlations between distant objects than what would be possible in a classical world. Quantum correlations can be categorised into the following classes, which form a strict hierarchy [1] [2] [3] : entanglement is a superset of Einstein-Podolsky-Rosen (EPR) steerability, which in turn is a superset of Bell nonlocality. Out of these, steering is special in that it allows for, and in fact intrinsically contains, asymmetry. Steering is operationally defined as a quantum information task, where one untrusted party (for instance called Alice) tries to convince another distant, trusted party (Bob) that they share entanglement. Bob asks Alice to make certain measurements on her quantum system (e.g., particle) and to announce the measurement outcomes, but is not sure whether Alice answers honestly, or indeed, even has a particle. He also makes corresponding measurements on his particle and checks whether the correlations of their measurement outcomes rule out a so-called local hidden state model for his particle, thereby proving shared entanglement [1] . Interestingly, the steering task allows for the case of one-way steerable states, for which steering is possible in one direction but impossible in the reverse direction [4] . One-way steering is of foundational interest, since it is a striking manifestation of asymmetry that does not exist for entanglement and Bell-nonlocality. It also has applications in device-independent quantum key distribution [5] . To observe one-way steering, one needs to demonstrate steering in one direction, by violating a steering inequality. In addition, one must establish that it would be impossible to achieve steering in the opposite direction. Our scheme, which allows for arbitrary measurements and rigorously takes into account losses and the real experimental quantum state, is illustrated in Fig. 1 .
Since the question whether one-way steering is possible was first raised in the seminal paper of Ref. [1] , considerable progress has been made on the topic [2, 4, [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] . First, the original question was answered in the affirmative, and this gave rise to the quest to fully understand and demonstrate the phenomenon. An overarching effort Figure 1 . Scheme for demonstrating one-way steering. A twoqubit quantum state is distributed to Alice and Bob, with a lossy channel on the way to Bob, such that his probability of obtaining his qubit is εB. A detection-loophole-free steering test demonstrates that Alice can steer Bob's state. At the same time, it is established that Bob cannot steer Alice's state for any choice of measurements, based directly on the reconstructed experimental quantum state ρ and the measured efficiency εB.
of these works has been the elimination of assumptions.
On the theory side, the ultimate, so far unattained, goal would be to establish practical necessary and sufficient conditions for the steerability of arbitrary quantum states using arbitrary measurements, which are described by positive operator-valued measures (POVMs). Examples of one-way steerable states have been identified assuming projective measurements [4, 9, 11] and for POVMs [2, 8, 10] . While specific example states provide conclusive proof that one-way steering is possible in principle, they are challenging to work with in real experiments. Real states in the laboratory generally deviate from the ideal target states, so the ability to account for these deviations is crucial. A practical, sufficient condition for the non-steerability of arbitrary two-qubit states under the assumption of projective measurements is known [11] . Recently, a practical, sufficient condition for the non-steerability of generic two-qubit states with loss was also established for restricted PVMs [17] (see explanation in the Supplemental Material (SM) [18, Sec. I]).
The elimination of assumptions has also been a key development on the experimental side. Several experiments relied on assumptions about the measurements. The first demonstration of one-way steering was restricted to the case of Gaussian measurements [7] . This was followed by a demonstration that was restricted to two-setting projective measurements [12] , and another one assuming multi-setting projective measurements [14] . In contrast to these post-selection-based experiments, an experiment by some of us and co-workers had no detection loophole and therefore, its analysis could take into account vacuum state contributions to the quantum state [10] . Also, unlike the previous experiments, it made no assumptions about the measurement. It did, however, make an assumption about the type of quantum state; an analysis for Werner states was applied to the experimentally achieved state, which exhibited a high fidelity with a Werner state. However, drawing conclusions based on high fidelities can be problematic in general [19] , and caution is also warranted for the case at hand [17] 
Here, we present the first fully rigorous experimental demonstration of two-qubit one-way steering. In one direction, we demonstrate the violation of a steering inequality with the detection loophole closed. Using the recent theory result of Ref. [17] and new theory developed in the SM [18, Sec. I], we provide a sufficient condition for non-steerability, valid for general POVMs performed on arbitrary two-qubit states with loss, and conclusively show that our state is not steerable in the opposite direction. We further demonstrate the impact of different experimental parameters, which highlights the delicate nature of experimental one-way steering. Although the formalism does not assume it, our experimental states are very close to two-qubit Werner states. Two-qubit Werner states comprise a one-parameter family of states written as ρ w = µ|Ψ
is the singlet state and I 4 is the 4 × 4 identity matrix. These states exhibit the special property of being invariant under any unitary transformation that is simultaneously applied to both qubits, and they represent a well-known example of mixed states [20] . Their purity is determined by the Werner state parameter µ ∈ [0, 1]. Partially mixed states are important in quantum information science: On the one hand, mixture is an inevitability in any real experiment. On the other hand, mixture is also of fundamental significance, not least because it allows demonstrating the inequivalence of different types of quantum correlations; any pure entangled state is Bell-nonlocal and steerable in an ideal scenario without loss or noise, but the same is not true for mixed states [1] . This is one of the reasons why Werner states prominently feature in the EPR steering literature.
A number of sources of photonic two-qubit Werner states have been reported in the past [21] [22] [23] [24] [25] . Here, we use a new type of photon source, producing high quality states that have unprecedented fidelities with Werner states.
Werner state source.-Our photonic source of Werner states is based on spontaneous parametric downconversion (SPDC) with a picosecond pulsed pump laser, producing photon pairs at telecom wavelength, with the quantum state encoded in the polarisation degree of freedom (|H ≡ |0 , |V ≡ |1 ). It is constructed as an incoherent superposition of a singlet state source and a source of maximally mixed photon pairs. Our design provides high heralding efficiencies and full control of the Werner state parameter µ, and it lets us achieve states having extremely high fidelities with theoretical Werner states.
The detailed setup is illustrated in Fig. 2 . A 775 nm pulsed laser with variable power and a pulse length of 1 ps acts as the pump for the two individual sources comprising the overall source. After passing through a focusing lens, the pump beam is divided between the two sources with a controllable splitting ratio by using a half-wave plate (HWP) and polarising beam splitter (PBS).
The singlet state source is based on the design of Ref. [26] and essentially implements a superposition of two SPDC events within a beam displacer interferometer. The pump passes through a HWP that sets its polarisation to an equal superposition of horizontal (H) and vertical (V) components, which are then horizontally split into two beams by the first beam displacer (BD). The next two HWPs act to make the polarisations of both beams H, appropriate for the subsequent downconversion process, while matching the path lengths of the two beams. The beams then pump the 15 mm long periodically poled potassium titanyl phosphate (ppKTP) crystal in two places, enabling degenerate type-II SPDC. The second BD separates signal and idler photons vertically, resulting in a total of four down-converted photon beams for the one photon pair. The next three HWPs modify the polarisations of the beams such that the left two beams are H polarised, while the right two beams are V polarised. This allows overlapping the signal photon from the two different down-conversion beams with the third BD, and likewise for the idler photon. A D-shaped mirror separates the propagation directions of the signal and idler photon beams, each of which are collimated, have the pump light filtered out with a long-pass filter, and are coupled into single-mode fibre. To transform the maximally entangled state of |HH and |V V to one of |HV and |V H , a 90
• polarisation rotation for one of the two photons is implemented with in-fibre polarisation controllers, and the phase φ of the target state |HV − e iφ |V H / √ 2 can be controlled through slight tilting of the first BD, or by adjusting the crystal temperature.
The design of the mixed state source is such that a separable photon pair is created, and then each photon is fully depolarised, yielding the target state I 4 /4. The pump beam passes through a ppKTP crystal identical to the one in the entangled state source, creating one H and one V polarised photon, which are collimated with a lens. The two photons are vertically separated into two beams with a BD, and subsequently their polarisation is rotated by 45
• with a HWP. An imbalanced BD interferometer, in which one polarisation component passes straight through and the other component undergoes spatial walk-off twice (in opposite directions), decoheres the polarisation of each of the signal and idler photon completely. A long-pass filter discards the pump light, before the propagation directions of the signal and idler beams are separated with a D-shaped mirror and they are fibre coupled.
The two individual sources are mixed using 50:50 fibre beam splitters, which combine the signal photon contributions coming from the two sources, and likewise for the idler photon. This mixing is incoherent, since the path lengths through the two sources are sufficiently different. Finally, a band-pass filter in Bob's arm narrows the biphoton spectrum [18, Sec. III], which enhances the polarisation state quality for the singlet source. By tuning the relative power of the pump in the two individual sources, the parameter µ can be controlled. For a range of relative power values, we perform quantum state tomography of the photon pairs using a combined pump power setting of ∼ 75 mW, and determine the fidelities with the closest Werner states, as detailed in Table I . These fidelities are the highest reported values to date.
A further noteworthy feature of our source is its high heralding efficiency. Despite a 50% loss due to the mixing of the two individual sources via 50:50 beam splitters and the additional components in the measurement apparatus, we still obtain typical heralding efficiencies (defined as detected coincidences divided by the detected singles of the opposite arm, also called Klyshko efficiency [27] ) of 0.3100 ± 0.0003 and 0.2345 ± 0.0002, for the arm without and with the band-pass filter, respectively. The high heralding efficiencies are made possible by the choices of the pump beam waist, the detection beam waist, and high-efficiency superconducting nanowire single-photon detectors [28] [18, Sec. III]. With appropriate dispersion management, the source could also be suited to mediumor long-distance protocols because of the low-loss propagation of telecom-wavelength light in fibre [29, 30] .
One-way steering.-To demonstrate one-way steering, we use the same setup as before, with some minor modifications. To add controllable loss, we insert a multisetting neutral density filter before the detection apparatus in Bob's arm, which lowers his overall heralding efficiency to ε B . We also increase the total pump power to ∼ 300 mW in order to maintain a sufficiently high signal-to-noise ratio with the attenuated beam against the detector dark counts, which are ∼ 100 per second [18, Sec. III]. As shown in Fig. 3 and explained below, the output of our Werner state source together with the added loss creates one-way steerable states, provided that the values of µ and ε B are suitably chosen. Note that in the steering experiment, some of the fidelities with the closest Werner states are lower than the results shown in Table I , but our subsequent analysis is robust as it makes no assumption of the experimental states being Werner states.
To demonstrate one-way steering, we perform two sets of measurements. The purpose of the first set is to show steering from Alice to Bob. This is done via a steering test with n = 6 measurement settings, using a platonicsolid measurement scheme [31] . Detection-loophole-free steering is demonstrated if the correlations of the measurement outcomes are sufficiently large, resulting in a steering parameter that exceeds the n = 6 steering bound (the definition of the steering parameter is provided in the SM [18, Sec. IV]). The bound is a function of Alice's heralding efficiency, ε A , because in this task, she is the person who is attempting to steer her opponent's state. Our experiment thus necessarily closes the detection efficiency loophole, though we make no claim to close the space-like-separation loophole.
The purpose of the second set of measurements is to establish non-steerability from Bob to Alice, for general POVMs. This is achieved via a quantum state tomography, through which our experimental density matrix is reconstructed. Based on the density matrix and Bob's experimentally-measured heralding efficiency, we test the criterion for non-steerability derived in the SM [18, Sec. I] ,
Here N POVM is defined as
where b is Bob's local Bloch vector, T is the correlation matrix of the quantum state in its canonical form, and ||...|| denotes the 2-norm. The maximisation is carried out over all unit vectorsx in three dimensions. This criterion is stronger than that in Ref. [17] , and its derivation (see the SM [18, Sec. I]) is more rigorous: It ensures non-steerability from Bob to Alice without restricting Bob's measurements to POVMs on the photonic qubit subspace.
Obtaining a steering parameter in one direction above the steering bound and showing, based on the density matrix and heralding efficiency, that the corresponding quantum state is unsteerable in the opposite direction, successfully demonstrates one-way steering. We perform the measurements for two sets of quantum states. In the first set, we keep the loss added by the neutral density filter fixed such that Bob's heralding efficiency is ε B = (2.52 ± 0.03) × 10 −3 , while varying µ. The results from the steering test are shown in Fig. 3(a) , and the results from the corresponding test of the sufficient condition for non-steerability in the opposite direction are depicted in Fig. 3(b) . Of all the µ values shown, only one, marked by the red triangle, is conclusively one-way steerable (steering bound violation from Alice to Bob by 3.8 standard deviations (s.d.), and fulfilment of the sufficient condition for non-steerability from Bob to Alice with a margin of 5.3 s.d.). This is because only two states violate the steering inequality from Alice to Bob (see (a)), and of those two, only one conclusively meets the sufficient condition for non-steerability from Bob to Alice (see (b)).
For the second set of quantum states, we keep µ fixed at 0.951 ± 0.004, while varying the loss added by the neutral density filter. The results of the steering test are given in Fig. 3(c) , and the results from the corresponding test of the sufficient condition for non-steerability in the opposite direction are shown in Fig. 3(d) . Here, the two states corresponding to the lowest ε B values are conclusively one-way steerable (steering bound violation by 3.3 and 5.2 s.d., and non-steerability with margins of 6.0 and 5.6 s.d., respectively). The states with higher ε B are no longer conclusively non-steerable from Bob to Alice. The ability to further reduce ε B is limited for technical reasons only, namely the decreasing signal-to-noise ratio due to dark counts, which reduces the ideally constant measured heralding efficiency ε A when the attenuation is very high.
The results highlight that in practice, demonstrating one-way steering based on two-qubit states with loss requires a balance between (i) having sufficient correlations to observe steering in one direction, while (ii) keeping the loss needed to conclude non-steerability in the opposite direction at a technically feasible level.
Discussion.-Our experiment is based on a twoqubit state with loss. Implementing loss in a quantum in- The upper (lower) panels contain results for a set of states where the effective µ parameter (Bob's heralding efficiency εB) is varied. The left panels contain results for a detectionloophole-free steering test for Alice to steer Bob, where the steering parameter S for n = 6 measurement settings is plotted against Alice's heralding efficiency εA. For any data point above the bound given by the green line, steering from Alice to Bob is demonstrated. The right panels depict results for our sufficient condition for non-steerability with arbitrary POVMs, and data points below the purple line are conclusively non-steerable from Bob to Alice. Each data point from one of the left panels corresponds to a point from the right panel, with a pair representing a specific quantum state. Data points in order of increasing S from (a) correspond to the points with increasing µ in (b). Similarly, data points in order of increasing εA in (c) correspond to those with increasing εB in (d). Uncertainties for the steering parameter are calculated as ∆S = ∆S(systematic) 2 + ∆S(statistical) 2 [31] . The other uncertainties are based on Monte-Carlo simulations of the measurement outcomes, using two hundred samples of Poisson distributed counts. Where uncertainties are small and error bars would reduce the clarity of the plots, the error bars are not shown. However, the relevant uncertainties are provided in the insets, which enlarge areas of interest. Conclusively one-way steerable states are marked by the red triangles.
formation protocol is relatively straightforward. In fact, some amount of loss is generally unavoidable in practice, so even if the loss was not actively leveraged, an experimental analysis would need to account for it in any case. Therefore, a two-qubit state with loss is well-motivated from a practical perspective, even though it is mathematically not the simplest type of state, in the sense that at least one additional mode is involved which is unaccessed by the two parties Alice and Bob. It is worth emphasising that we establish nonsteerability by checking against our sufficient condition for non-steerability (Eq. (1)). This condition offers the best currently available method for demonstrating the non-steerability of general two-qubit states with loss, allowing for general POVMs. However, the condition is not proven to be tight, so it is possible that tighter conditions will be found in the future. For example, it might be possible to show that the necessary and sufficient conditions for steerability coincide for projective measurements and POVMs, which would then make it easier to demonstrate one-way steering. However, the fact that we work with a sufficient condition for non-steerability means that our results are conclusive now, and will remain so, even in the event that tighter conditions are found in the future.
Conclusion.-In this work, we present a new, highheralding-efficiency photon-pair source that produces quantum states with very large fidelities with two-qubit Werner states, and provides full control of the Werner state parameter. We use the source and a new sufficient condition for non-steerability to achieve a rigorous demonstration of two-qubit one-way steering free of previous limiting assumptions about the experimental quantum state or measurement.
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SUPPLEMENTAL MATERIAL

I. THE SUFFICIENT CONDITION FOR NON-STEERABILITY
In this section, we provide a proof for the non-steerability criterion of Eqs. (1) and (2) in the main text. For theoretical convenience, we consider quantum steering from Alice to Bob as in Ref. [17] ; a simple permutation at the end allows us to obtain the criterion for non-steerability from Bob to Alice as described by Eqs. (1) and (2) in the main text. In the following, we use PVMs to denote projective measurements, and n-POVMs to denote positive operator valued measures of n outcomes. In fact, we work very often with the notion of 2-POVMs with a rank-1 projection component. Those 2-POVMs are of the form (Q, I − Q) with I being the identity operator and Q being a rank-1 projection.
We start with repeating the proof of Lemma 1 of Quintino et al. in Ref. [2] in its more general form (see Ref. [32] ). Proof. Since an extremal POVM E = (E 1 , E 2 , . . . , E n ) has at most n = d 2 non-zero components, we can fix n = d 2 . Moreover, we can assume that the components of the POVM E are rank-1, namely E i = α i Q i for some rank-1 projections Q i and 0 ≤ α i ≤ 1 (since all other POVMs can be post-processed from these; see, e.g., Ref. [33] ). In proving this lemma, it is convenient to rewrite a measurement E in the direct sum form E = ⊕ n i=1 E i . The steering ensemble-the set of Bob's reduced states conditioned on E-is thus written as
Lemma 1 (Quintino et al.). If a state ρ of C d ×C d is non-steerable for 2-POVMs with a rank-1 projection component, then the stateρ
. Now we claim the following identity:
where
This identity can be proved straightforwardly by passing the sums over the direct sum and performing them explicitly. This identity tells us that the steering ensemble ⊕ In other words,ρ is non-steerable with n-POVMs. Remark 1. We can translate this mathematical proof to a physical one. Alice's aim is to simulate steering ofρ with POVMs E = (α 1 Q 1 , α 2 Q 2 , . . . , α n Q n ) (chosen by Bob). Alice provides Bob with the LHS ensemble that she can use to simulate steering of ρ with 2-POVMs with one rank-1 projection component. With probability α i β j /d, she chooses a pair (i, j). She then simulates the outcomes i and j as if they are outcomes of Q i and I A − Q i in the measurement (Q i , I A − Q i ), respectively. This is slightly different from the protocol in Ref. [32] , but the result is the same.
Suppose we have a two-qubit state ρ acting on C 2 ⊗ C 2 . A state with loss can be described by a state on
where |ν is the vacuum state, which is orthogonal to the standard qubit states |0 and |1 (see the main text and Ref. [17] ). Here A is Alice's heralding efficiency, 0 ≤ A ≤ 1. In Ref. [17] , some of the present authors considered in particular the steerability of ρ A with PVMs which are restricted to the form (|ϕ 1 ϕ 1 | , |ϕ 2 ϕ 2 | , |ν ν|), where |ϕ 1 and |ϕ 2 are two orthogonal qubit states (which are both orthogonal to the vacuum |ν ). These PVMs are not the most general PVMs, and will be referred to as restricted PVMs in the following. Let ρ be written as
where a = (a 1 , a 2 , a 3 ) T is Alice's Bloch vector, and T is the correlation matrix, which can be assumed to be diagonal. Theorem 1 in Ref. [17] states that ρ A is non-steerable with restricted PVMs if
where the maximisation is taken over all unit vectorsx of R 3 . We now show that non-steerability with restricted PVMs implies non-steerability with all 2-POVMs with a rank-1 projection component. This then allows us to apply Lemma 1 to construct a state which is non-steerable with arbitrary POVMs. A in (S.3) . If ρ A is non-steerable with restricted PVMs, then it is non-steerable with all 2-POVMs with a rank-1 projection component.
Lemma 2. Consider the two-qubit state with loss ρ
Proof. Consider Alice making a measurement of the form (|ψ ψ| , I A − |ψ ψ|), where I A is the identity operator on Alice's space C 3 , |ψ is a state of C 3 , which may be non-orthogonal to the vacuum |ν . It is sufficient to show that the steering outcome corresponding to |ψ ψ| can be locally simulated. We start with finding the steering outcome
where I B is the identity operator acting on Bob's space. Since Tr B [ρ] has no support on |ν ν|, we can insert the projection Π = I A − |ν ν|, which projects C 3 to the two-qubit space C 2 , such that ρ = (Π ⊗ I B )ρ(Π ⊗ I B ). Therefore,
Now let Π|ψ = r|ϕ with |ϕ being a two-qubit state. Note that 1 = ψ|(Π + |ν ν|)|ψ , so | ν|ψ
This is explicitly a convex combination of two steering outcomes A Tr A (ρ |ϕ ϕ| ⊗ I B ) and (1 − A )ρ B . Trivially, the latter steering outcome (1− A )ρ B can be locally simulated. We therefore need only to show that the steering outcome A Tr A (ρ |ϕ ϕ| ⊗ I B ) can be locally simulated. However, this is exactly one steering outcome of the steering ensemble made by the restricted PVM (|ϕ ϕ| , |ϕ ⊥ ϕ ⊥ | , |ν ν|), where |ϕ ⊥ is the two-qubit state that is orthogonal to the two-qubit state |ϕ (and the vacuum |ν ). The latter can be locally simulated with a LHS ensemble by assumption. Therefore, A Tr A (ρ |ϕ ϕ| ⊗ I B ) can indeed be locally simulated with the LHS ensemble and ρ A is non-steerable with 2-POVMs with a rank-1 projection component.
Now if the two-qubit state with loss ρ A in Eq. (S.3) is non-steerable with restricted PVMs, this lemma guarantees that it is also non-steerable with 2-POVMs with one rank-1 projection component. Applying Lemma 1 with σ A = |ν ν|, we find that
is non-steerable with arbitrary POVMs. Now retrieving the criterion for non-steerability with restricted PVMs (S.5), we find the sufficient condition for a two-qubit state with loss ρ A to be non-steerable with arbitrary POVMs to be
This is exactly the criterion of Eqs. (1) and (2) in the main text, except that there, we considered steering from Bob to Alice, and as a consequence Alice's Bloch vector a and heralding efficiency A were replaced by Bob's Bloch vector b and heralding efficiency B .
II. DENSITY MATRICES
The density matrices that make up the data for Table I are displayed in Fig. S1 . Heralding efficiencies.-The pump and detection beam waists are approximately 300 µm and 115 µm, respectively. If the aim was to achieve a fixed value of µ = 0.5, it would generally be possible to further increase the heralding efficiency in the following way: Using beam splitters with a splitting ratio other than 50:50, the output of one of the individual sources (singlet state source or maximally mixed state source) would suffer more loss, while the output of the other one would undergo less loss. This asymmetry could be exploited to lower the loss for the singlet state or the maximally mixed state, whichever has the heavier weight in the Werner state. For the extreme cases where µ = 0 or µ = 1, this approach would lead to the use of fully reflective or transmissive "beam splitters", which is intuitive since only one of the individual sources would be required. However, using splitting ratios other than 50:50, the overall heralding efficiency would depend on the value of µ because the heralding efficiencies from the two individual sources would not be equal, and µ determines the contribution from each. This means that the improved overall heralding efficiency at a given µ value would be achieved at the expense of a reduced tunability of µ. We choose a 50:50 splitting ratio to maintain tunability over the full range of parameter values with fixed heralding efficiencies. Indeed, Figs. 3(a) and (b) show that ε A is nearly constant over the whole range of µ values.
Gating.-To reduce the effect of dark counts, we gate the detection of photons (singles and coincidences) based on emission events of the pump laser, by detecting in a 3 ns window around a synchronisation signal from the laser. This results in average dark count values (per second) of 99 and 156 for the detectors in Alice's arm, and 55 and 113 for the detectors in Bob's arm.
IV. STEERING PARAMETER
The steering parameter for the number of measurement settings n = 6 is defined as S = 1 6 6 k=1 a kσ B k . Here, a k ∈ {−1, 1} is the measurement outcome announced by Alice for those measurements where Bob has chosen the the measurement setting corresponding to the Pauli observableσ B k in the direction u k . The measurement setting is chosen out of a predetermined set of six options [31] . The steering bound is a nontrivial function of ε A and is based on Alice's optimal cheating strategy [31] .
V. COMPARISON WITH RESULT FROM REF. [10]
In Ref. [10] , the conclusion of one-way steering was reached based on an analysis for Werner states. To this end, the Werner states closest to the experimentally obtained density matrices were used. Enabling an analysis of general states, the work of Ref. [17] has since indicated that even small deviations from a Werner state can have a significant bearing on proving the non-steerability of quantum states. Here, we use our new condition for non-steerability (Eq.
(1)) to compare one of our states with the quantum state from Ref. [10] that was thought to be one-way steerable for POVMs. We show that in contrast to our quantum state, the state from Ref. [10] does not conclusively meet our condition for non-steerability, and reveal the key experimental improvements in the present work. Figure S2 . Comparison of the quantum state of Ref. [10] (in blue) with one of our one-way steerable states (in green), with regard to the sufficient condition for non-steerability from Bob to Alice of Eq. (1). The lines represent the sufficient condition for non-steerability, given the experimental εB values of 0.005 ± 0.003 (blue) and 0.00269 ± 0.00001 (green). The shaded regions, visible for the blue line but too small to be discernible for the green line, show the corresponding uncertainties, based on the uncertainties of the εB values. Each ensemble of points is associated with one quantum state, and the sufficient condition for non-steerability (Eq. (1)) is equivalent to the whole ensemble being to the left of the corresponding line. An ensemble captures relevant properties of the quantum state, with individual points corresponding to specific choices of the unit vectorx, of which a representative sample of 625 choices is shown. The choice ofx that constitutes the solution to the maximisation in Eq. (1) is marked by the larger point symbol. For the quantum state from Ref. [10] , the sufficient condition for non-steerability is not satisfied with statistical significance (note the shaded region), whereas it is for our quantum state. The quantum state used as the one-way steerable state example from the present experiment is the one corresponding to the left-most data points in Fig.  3(c) and (d) . For the case of an exact Werner state, the ensemble would collapse to a single point in the plot. An assumption made in Ref. [10] but not in this work, namely the mapping to a Werner state, is illustrated by the star. The uncertainty in its position, based on the uncertainty in the quantum state, is indicated by the horizontal error bar.
A useful way to visualise the relevant properties of a quantum state is through its correlation matrix T and Bob's local Bloch vector b, as detailed in Sec. I of this Supplemental Material. Specifically important are ||Tx||, the norm of the correlation matrix multiplied by arbitrary unit vectorsx, and b ·x, the projection of the reduced Bloch vector onto the same unit vectors, plotted in Fig. S2 . If the points for all choices ofx lie to the left of a bound, the state is non-steerable from Bob to Alice. The bound depends on Bob's heralding efficiency ε B . Fig. S2 shows our quantum state and that of Ref. [10] , each with its corresponding bound calculated from the measured values of ε B . Our bound is slightly to the right of the bound from Ref. [10] because we work with a lower value of ε B , and this makes witnessing non-steerability a little easier. However, the main differences between the two cases can be ascribed to the two ensembles of points. The ensemble corresponding to our state (i) lies at lower values of ||Tx||, and (ii) has a smaller spread in b ·x.
The lower values of ||Tx|| are due to lower correlations in the state, also evidenced by a lower effective µ value. This generally helps to show non-steerability from Bob to Alice, while at the same time making it more challenging to demonstrate steering from Alice to Bob. We have the option to operate at these lower correlation values and still violate a detection-loophole-free steering inequality from Alice to Bob, thanks to Alice's high heralding efficiency. It should also be noted that it is the tunability of our source which gives us the freedom to move to this advantageous correlation condition.
The smaller spread in b ·x is an indication of a smaller reduced Bloch vector, which would be 0 for the ideal case of an exact Werner state. The reason that the spread in b ·x matters is because the bounds do not correspond to vertical lines in the plot.
In summary, the experimental improvement can be attributed to several factors: our ability to tune the correlations of our experimental quantum state, Alice's higher heralding efficiency that lets us demonstrate steering from Alice to Bob with lower correlations, a better state quality in the sense of a smaller reduced Bloch vector, and Bob's lower heralding efficiency.
